We study the thermodynamics of Gödel-type rotating charged black holes in five-dimensional minimal supergravity. These black holes exhibit some peculiar features such as the presence of closed time-like curves and the absence of globally spatial-like Cauchy surface. We explicitly compute their energies, angular momenta, and electric charges that are consistent with the first law of thermodynamics. Besides, We extend the covariant anomaly cancellation method, as well as the approach of the effective action, to derive their Hawking fluxes. Both the methods of the anomaly cancellation and effective action give the same Hawking fluxes as those from Planck distribution for blackbody radiation in the background of the charged rotating Gödel black holes. Our results further support that Hawking radiation is a quantum phenomenon arising at the event horizon.
after performing a procedure of dimensional reduction near the horizon of a black hole. This anomaly cancellation method supports that Hawking radiation is a common property of the horizon. It is very universal and has been successfully applied to black objects in various dimensions [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Noticing that the anomalous energy momentum tensors and currents encompass two types of forms in the two dimensional chiral effective theory, apart from the consistent form in [16] [17] [18] , the other type is the covariant one. In [27] , it was argued that Hawking fluxes of energy momentum tensors and gauge currents can be obtained by cancelling the covariant gravitational anomaly and gauge anomaly at the horizon. Such an argument makes the original anomaly cancellation method [16] [17] [18] more economical and conceptually cleaner. Based on development in [27] , several extensions can be found in [28] [29] [30] . Especially in [29] , Hawking radiation of black strings in four and higher dimensions has been studied via covariant anomalies.
A notable feature of the anomaly cancellation method is that the boundary conditions at the event horizon play an important role in determining the Hawking fluxes. Indeed, in [31] , by only imposing the boundary condition that the covariant energy momentum tensor and the covariant gauge current vanish at the horizon, the chiral effective action, which describes the two dimensional chiral theory near the horizon, has been used to compute the Hawking fluxes of charged spherically symmetric black holes. This effective action method is very universal and holds true for other black holes [21, 25, 33] . In addition to the chiral effective action, the normal effective action that induces anomaly free energy momentum tensors and gauge currents has also reproduced the Hawking fluxes of the Reissner-Nordström black hole [18] . A lot of works on applying the effective action to study Hawking effect can be found in [34] [35] [36] [37] .
In this paper, we investigate the thermodynamics of the EMCS-Gödel black hole and then generalize the covariant anomaly cancellation method, as well as the effective action approach, to study its Hawking radiation. Both the methods present the same Hawking fluxes. Our results support that Hawking radiation is a universal quantum phenomenon arising at the event horizon. The remainder of this paper goes as follows. In section II, we calculate the mass, the angular momenta and the electric charge of the EMCS-Gödel black hole, which satisfy the first law of thermodynamics. In section III, we compute the Hawking fluxes by treating them as compensating fluxes to cancel the covariant gravitational and gauge anomalies near the horizon. In section IV, we reproduce the Hawking fluxes of the EMCS-Gödel black hole via the approach of the effective action, including the normal effective action in subsection IV A and the chiral effective action in subsection IV B. The last section is our conclusions.
II. THERMODYNAMICS OF THE EMCS-GÖDEL BLACK HOLE
In this section, we study the thermodynamics of the EMCS-Gödel black hole [8] . Although the main results were presented in [8] , here we give the explicit calculations by adopting the gauge field whose electric-static potential vanishes at infinity. Our starting point is the EMCS-Gödel black hole, which is a non-extremal charged rotating Gödel-type black hole solution in five-dimensional ungauged minimal supergravity. The relevant Einstein-Maxwell Lagrangian with Chern-Simons term reads
where ǫ λρσµν is the five-dimensional tensor density with ǫ 01234 = −1, and F µν = ∂ µ A ν − ∂ ν A µ denotes the abelian field-strength tensor. The Einstein and gauge field equations of motion derived from Lagrangian (1) are
Parameterized by four constants (µ, a, q, j), which correspond to the mass, the angular momentum, the electric charge and the scale of the Gödel background, respectively, the EMCS-Gödel black hole satisfying Eq. (2) takes the form [8] 
where
In the above equations, the Euler angles θ, ψ and φ run over the ranges 0 to π, 0 to 2π and 0 to 4π, respectively. The line element (3) is the charged generalization of the Kerr Gödel black hole. It is asymptotically rotating. Just as its uncharged counterpart, it exhibits the peculiar features such as the presence of closed time-like curves and the absence of globally spatial-like Cauchy surface. When the electric charge parameter q = 0, it returns to the Kerr Gödel black hole in [4] , whose Hawking radiation has been investigated via the covariant anomalies and effective action [21] . The angular velocities and the electro-static potential of the EMCS-Gödel black hole are given by
and the corotating vector ℓ = ∂ t + Ω(r)∂ φ . With help of this vector, the surface gravity κ is defined by κ 2 = − 1 2 ℓ µ;ν ℓ µ;ν | r=r+ , where the outside event horizon r + is determined by equation V (r + ) = 0 and reads
Hence Hawking temperature via the surface gravity formula is read off as
Here, and in what follows, the prime ′ denotes the derivative with respect to the radial coordinate r. The entropies via the Bekenstein-Hawking area law are
It is worth noting that the electro-static potential (7) is not zero at infinity, but Φ ∞ = − √ 3/2, since the Gödel universe possesses a global rotation at infinity. In order to make the electro-static potential vanish at infinity, we can rescale the gauge field (4) as
whereB(r) = B(r) + √ 3/2. We shall adopt Eq. (12) for all the calculations related to gauge fields. Now, we compute the mass, angular momenta, and electric charge of the EMCS-Gödel black hole. Because of the presence of closed time-like curves and the special asymptotical structure of the Gödel-type black hole, naive application of the traditional approaches, such as the methods of Komar integral, the usual Abbott-Deser construction and the covariant phase space [40] , fails to give conserved charges in agreement with the first law of thermodynamics.
In [9] , a new method, based on cohomological techniques [15] , has been successfully used to derive the conserved charges of the Kerr Gödel black hole. This method is also applicable to the EMCS-Gödel black hole. Our computation follows work [9] . Here we only give the formulas closely relevant to our calculations. For more details see [9, 15] .
Let ϕ i = (g µν , A µ ) denote the fields of the five-dimensional ungauged minimal supergravity.φ i = (ḡ µν ,Ā µ ) is any fixed reference solution of the motion equtions in Eq. (2) . Consider the linearized theory for the variables
The equivalence classes of conserved 3-forms of this linearized theory are in correspondence with equivalence classes of field dependent gauge parameters ξ µ (x) and Λ(x) satisfying the reducibility equations [9] L ξḡµν = 0 ,
Each pair of solutions (ξ, Λ) of Eq. (13) is associated with a conserved 3-form k ξ,Λ [δϕ,φ] that can be obtained by computing the weakly vanishing Noether currents related to the gauge transformations. Obviously, when ξ is a Killing vectorξ of the backgroundφ and Λ is a constant c, Eq. (13) holds. For the solutions (ξ, 0), the conserved 3-form k ξ,Λ can be decomposed as kξ ,0 = k
, where k is defined by
where the Komar 3-form
andξ· =ξ
is similar with k gr ξ , which reads
The contribution from the Chern-Simons term is
For the solution (0, 1), which corresponds to the contribution from the electric charge, the conserved 3-form
Take into account a path γ in the space of solutions that interpolates between a given solution ϕ and the background solutionφ. Let d V ϕ be a one-form in the field space. As long as the pair (ξ, c) satisfy Eq. (13) for all solutions along this path, we can get a closed 3-form
i.e. dKξ ,c = 0 in a four-dimensional hypersurface Σ. Using Eq. (23), one can define conserved charges
where the three-dimensional closed surface S is the boundary of the hypersurface Σ. Next we turn our attention to calculate the conserved charges of the EMCS-Gödel black hole via (24) . The mass is computed as
The angular momentum along the φ direction
while the one with respect to the coordinate ψ is zero. The electric charge is given by
The electric charge can also be computed through
where the integration is performed on the 3-sphere at infinity. All the conserved charges are consistent with the first law of thermodynamics
where Ω + = Ω(r + ) and Φ + =B(r + ) + Ω(r + )C(r + ) are the angular velocity and the electro-static potential at the event horizon, and
is the generalized force conjugate to the Gödel parameter j since we have considered j as a thermodynamical variable to close the expression of the integral Bekenstein-Smarr formula.
III. HAWKING FLUXES AND COVARIANT ANOMALIES
In this section, we shall investigate Hawking radiation of the EMCS-Gödel black hole [8] via the covariant gravitational and gauge anomaly cancellation method [27] developed on basis of [16] [17] [18] . The same results will be obtained if we adopt the consistent anomaly cancellation method in [16] [17] [18] . Before our proceeding, it is necessary for us to briefly review this approach. By performing the technique of dimensional reduction, the massless scalar field near the horizon can be effectively described by a collection of scalar fields in the background of (1+1)-dimensional spacetime. Thereby we can treat the higher dimensional theory as a (1+1)-dimensional effective theory near the horizon. If we omit the classically irrelevant ingoing modes inside the horizon, the two dimensional effective theory becomes chiral. Such a chiral theory exhibits covariant gravitational and gauge anomalies. Imposing the boundary condition that the covariant energy momentum tensor and current vanish at the horizon, we can get fluxes that just cancel these anomalies and are identified with Hawking fluxes for the energy momentum tensor and charges.
We first implement a process of dimensional reduction by considering the free part of the action for a scalar massless complex field in the background of metric (3) and gauge field (12) . We have
After performing a partial wave decomposition ϕ = lmn ϕ lmn (t, r) exp(imφ + inψ)Θ lmn (θ), where the spin-weighted spheroidal functions Θ lmn (θ) satisfy
and only keeping the dominant terms near the horizon, the action (31) becomes
In Eq. (33), we have defined 2F (r) = rV (r)U (r) −1/2 . Thereby the physics near the horizon can be described by an infinite set of effective massless fields on a (1 + 1)-dimensional spacetime with the metric and the gauge potential
where A t (∞) = 0, and 
t , respectively. Except for different types of charges, both the gauge potentials are essentially consistent with each other. Thus we only give an explicit derivation of the current J (0)r . J (1)r can be obtained by a similar procedure.
Due to the anomaly cancellation method, the gauge current behaves differently in the range outside the horizon and that near the horizon. In the former, namely, the range r ∈ [r + + ε, +∞), the current J 
while in the range near the horizon (r ∈ [r + , r + + ε]), because of the breakdown of the classical gauge symmetry, the current J 
where ǫ αβ is an antisymmetry tensor density with ǫ tr = −ǫ tr = 1 and F αβ = ∂ α A β − ∂ β A α . Solving Eqs. (36) and (37), we have
where the charge flux c
O and c
H are two integration constants, which denote the current at infinity and the one at the horizon, respectively. Introducing two step functions Θ(r) = Θ(r − r + − ε) and H(r) = 1 − Θ(r) to write the total current as
we find that the Ward identity becomes
In order to make the current preserve the gauge symmetry, the first term in the above equation must be cancelled by the classically irrelevant ingoing modes while the second term should vanish at the horizon, which yields
Further imposing the boundary condition that the covariant current vanishes at the horizon, namely, c 
Following the analysis of computing c
O step by step, the current with respect to the gauge potential A
From Eq. (37), one can see that J (0)r and J (1)r are not independent for each oter but there exists the relation 
near the horizon. By analogy, the current out of the horizon can be solved as
With the expression of the charge flux in hand, we now consider the energy momentum flux in the way similar to the gauge anomaly. Near the horizon, if we eliminate the quantum effect of the ingoing modes, the invariance under general coordinate transformation will break down. Thus the two dimensional effective field theory will exhibit a gravitational anomaly. For the right-handed fields, the covariant gravitational anomaly has the form [27] 
In the case of a background spacetime with the effective metric (34), the anomaly is timelike (∇ µ T µ t = 0), and
Because of the presence of the external gauge field A, the energy momentum tensor outside the horizon does not take the conserved form but satisfies the Lorentz force law
while the energy momentum near the horizon obeys the anomalous Ward identity after adding the gravitational anomaly,
Solving both the equations (48) and (49) for the ν = t component, we get
where a O and a H are two constants, corresponding to the fluxes at infinity and horizon, respectively. Similar to the case of the gauge current, we express the total energy momentum tensor as a sum of two combinations H(r) . Using Eqs. (50a) and (50b), we find
In the above equation, the first term is the classical effect of the background U(1) gauge field for constant current flow. The second term should be cancelled by the quantum effect of the classically irrelevant ingoing modes. In order to guarantee the energy momentum tensor is invariant under general coordinate transformations, the third term must vanish at the horizon, which yields
where we have used
As what we have done to evaluate the gauge current at infinity, to fix a O completely, we require to impose the boundary condition that the covariant energy momentum tensor vanishes at horizon, i.e., a H = 0. We will see that such a boundary condition is compatible with the Unruh vacuum in the next section. Therefore, the total flow of energy momentum tensor is
For the sake of comparing the total energy momentum flux (53) with the Hawking one, we consider Hawking radiation with the Fermionic Plank distribution N e,m (ω) = 1/(e [ω−eΦ+−mΩ(r+)]/TH + 1) in the background of the EMCS-Gödel black hole, where T H is the Hawking temperature (10) via surface gravity formula,Φ + =B(r + ) + Ω(r + )C(r + ) is the electric chemical potential of the gauge field (12) at the horizon and Ω(r + ) is the angular velocity at the horizon. The Hawking flux with this distribution is
which takes the same form as Eq. (53). This implies that we have reproduced the Hawking temperature (10) via the covariant anomaly cancellation method.
IV. HAWKING FLUXES AND EFFECTIVE ACTION
In this section, we will use the effective action method to exploit Hawking radiation of the EMCS-Gödel black hole in background of the two dimensional metric (34) and gauge field (35) . In two dimensional effective theory, there exist normal effective action and chiral effective action. The former describes the effective theory away from the event horizon. The energy momentum tensor and gauge current induced from this action are anomaly free and take consistent forms. The normal effective action has been used to derive the Hawking fluxes of the ReissnerNordström black hole [18] . On the other hand, the chiral effective action [31, 32] depicts the chiral theory, in which the energy momentum tensor and gauge current are not conserved but covariantly anomalous. By adopting the covariant boundary condition at the event horizon, this effective action can be applied to compute the Hawking fluxes of black holes [31] . In our work [25] , the chiral effective action method has been extended to reproduce the Hawking fluxes of the Schwarzschild black holes in the isotropic coordinates where the determinant of the metric vanishes at the horizon.
A. Normal effective action and Hawking fluxes
In two dimensional effective theory, the normal effective action is obtained by functional integration of the conformal anomaly [18, 37] . It consists of the gravitational (Polyakov) part and the gauge part. From a variation of this effective action, we get the energy momentum tensor and gauge current [18, 31] 
where R = −F ′′ (r) is the Ricci scalar of the metric (34) , and the two auxiliary fields B and G satisfy
From Eqs. (55) and (56), we find that the gauge current takes the conserved form ∇ µ J µ = 0 while the energy momentum tensor obeys the Lorentz force law (48) and the trace anomaly
In the background of metric (34) and gauge field (35), solving Eq. (57), we get
where parameters a, b, α, β are constants. They can be determined by proper boundary conditions. As in the previous section, we still choose the boundary conditions that are compatible with the Unruh vacuum. Such a choice requires us to express the energy momentum tensor and gauge current in the Eddington-Finkelstein coordinate system {u, v}, where u = t − r * , v = t + r * , and dr * = dr/F (r). We have
Adopting the Unruh vacuum boundary conditions
the constants a, b, α, β can be solved as
Substituting the four constants into the (r, t)-component of the energy momentum tensor and the r-component of the gauge current, which correspond to fluxes for Hawking radiation and the gauge field, respectively, we obtain
where J r is a constant since the normal effective action describes the theory away from the horizon and the gauge current is conserved. Taking the limit at infinity, we derive the charge flow and the Hawking fluxes
which agree with Eqs. (45) and (53) via the covariant anomalies in the previous section.
B. Chiral effective action and Hawking fluxes
Varying the chiral effective action, the covariant energy momentum tensor T 
where the chiral covariant derivative
, and the two auxiliary fields B and G have been defined by Eq. (57). In the chiral effective theory, the covariant energy momentum tensor and gauge current satisfy the anomalous Ward identities,
The energy momentum tensor also obeys the covariant trace anomaly T µ µ = −R/(48π). Operating the chiral covariant derivative on the auxiliary fields G and B, we get
whereã,b,α andβ are constants. Their relations will be determined later. Now the (r, t)-component of the covariant energy momentum tensor and the covariant gauge current can be read off as
Here we do not present the other components of the energy momentum tensor T µ ν , which are useless for computation of the Hawking flux. Finally, to derive the Hawking fluxes and currents for gauge fields, we need to impose the covariant boundary conditions that the covariant energy momentum tensor and gauge current vanish at the horizon [31] , namely,α
Therefore, taking the asymptotic limit, we obtain the gauge currents and the fluxes for energy momentum tensor
They are in agreement with Eqs. (45) and (53).
It is worth noting that the covariant boundary conditions adopted in this subsection and the previous section are compatible with the Unruh vacuum. To see this, as in the case of the normal effective action, we could express the energy momentum tensor and gauge current in the Eddington-Finkelstein coordinate system {u, v}. By changing (α, β, a, b) to (α,β,ã,b), respectively, we find T uu = T uu , T uv = T uv /2, T vv = 0, J u = J u , and J v = 0, where T vv and J v are zeros, since the two dimensional effective theory is chiral and there are no ingoing modes. Clearly, Eqs. (65a) and (65b) hold when one adopts the covariant boundary conditions (78).
V. SUMMARY
We have obtained the EMCS-Gödel black hole's [8] conserved charges, such as the mass, the angular momenta and the electric charge along the lines of [9] . They are consistent with the differential first law and the generalized integral Smarr formula of black hole thermodynamics provided that the Gödel parameter j is a thermodynamical variable. The EMCS-Gödel black hole is an exact charged rotating solution in the five dimensional minimal supergravity with Gödel background. It has closed time-like curves through every point and the asymptotic structure with a global rotation. These peculiar properties lead to the failure of the traditional methods on calculating the conserved charges. A viable method was presented in [9] . Whether there exist other methods to compute the conserved charges of the EMCS-Gödel black hole is still open.
Besides, we have derived the Hawking fluxes of the EMCS-Gödel black hole via covariant gravitational and gauge anomalies, as well as the effective action. By applying the technique of dimensional reduction to the metric (3) and the gauge field (12) , which has the vanishing electro-static potential at infinity, higher dimensional theory near the horizon can be effectively described by a two dimensional theory in the background of metric (34) and gauge field (35) . The reduced gauge field consists of two U(1) fields, one from the original gauge field and the other from the axial isometry along the φ direction. On the basis of both the two dimensional metric and gauge field, by adopting the covariant boundary conditions that are compatible with the Unruh vacuum, the covariant anomaly cancellation method and the approach of the effective action, including the normal and chiral effective action, were used to derive the same Hawking fluxes as those from Planck distribution for blackbody radiation in the background of the EMCS-Gödel black hole.
Our results show that Hawking radiation is a quantum phenomenon taking place at the event horizon, since both the methods of the anomaly cancellation and the chiral effective action only rely on the quantum anomalies and boundary conditions at the event horizon. Besides, our calculation supports the anomaly cancellation method is applicable to the black holes in the five dimensional minimal supergravity with Gödel background. In some sense, the approach of the anomaly cancellation is universal except for the procedure of dimensional reduction for different background spacetime considered in each case. A further development of this work is to derive the entropy of the EMCS-Gödel black hole in the same two dimensional effective theory, like in [34, 38] . Our analysis in the present paper can be directly generalized to the squashed charged rotating black hole in the five dimensional Gödel universe [39] .
